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The main result of this work is the following theorem: 
Let P, Q E C[x, y] satisfy the Jacobian identity 
8PaQ 8PaQ , 
ax ay ay ax 
Let E, denote the ring of entire functions on C’. For f E E2, set 
ap af ap af D,cf)=-----_. 
ax a~ ay ax 
Zf D,(E$ is dense in E2, then C[P, Q] = C[x, y]. 
The question whether or not D,(Ez) is dense in E2 is reduced to the question whether or not 
a certain Frechet space admits continuous linear operators with empty spectrum. 
Introduction 
The purpose of this work is to develop an analytic approach to the Jacobian Con- 
jecture in the two-dimensional case, based on properties of linear differential 
operators generated by entire functions in general and by polynomials in particular. 
The Jacobian Conjecture in the two-dimensional case can be stated as follows: 
Let P, QeK[x, y] satisfy the Jacobian identity 
apaQ apaQ ---_--_=I 
* ax ay ay ax 
If K is a field of zero characteristic, then P and Q generate K[x, y] as a K-algebra. 
To the best of my knowledge, the conjecture is still unproven. An exhaustive 
review of numerous attempts to prove it and of partial results obtained in this direc- 
tion can be found in [l]. In this work we consider the case K= C. If the Jacobian 
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Conjecture is true in this case, then it is true for every field K of zero characteristic 
(see [ll). 
The natural generalization of the Jacobian Conjecture to the ring of entire func- 
tions in two variables would be the following: 
Let P(x, y), Q(x, y) be entire functions satisfying the Jacobian identity. Then every 
entire function in x,y is an entire function in P, Q. 
Unfortunately, this conjecture fails. Let, for instance, P=eX and Q=ye-“. 
These functions satisfy the Jacobian identity, but x is not an entire function in P, 
Q. There are other examples, some of them rather pathological (see [l]). 
The fact that the Jacobian Conjecture fails in the analytic case posed the principal 
obstacle to all attempts to prove the Jacobian Conjecture by analytic methods. 
In this work we will formulate a conjecture which implies the Jacobian Conjec- 
ture for the polynomials, does not imply it for the entire functions and is true for 
P= e’, Q =yepX. Let us call it the Analytic Jacobian Conjecture. I was unable to 
find a counter-example to this modified conjecture. 
Throughout this paper E, will denote the ring of entire functions on C2. For 
PE E2, Dp : E, + E2 will denote the differential operator defined by: 
ap af ap af 
up=--_-- 
ax ay ay ax 
Then the Analytic Jacobian Conjecture can be stated as follows: 
Let P, Q be entire functions in x, y such that Dp(Q) = 1. 
Then Dp(E2) is dense in E2 (in the standard topology of E2 
as a Frechet space). 
We will prove that this conjecture implies the Jacobian Conjecture if P and Q are 
polynomials. In fact a stronger result is true: If P is a polynomial and Dp(Ez) is 
dense in E2, then P = v(x), where v, : C[x, y] -+ C[x, y] is an automorphism of C[x, y]. 
This theorem will be presented in a separate paper. 
It is easy to see that the modified conjecture is true for P = e’, Q =yepX. In addi- 
tion to this we will prove that the Analytic Jacobian Conjecture can be reduced to 
the question whether or not a certain Frechet space admits continuous linear 
operators with empty spectrum. Let L1 denote the closure of Dp(E2) in E2. It is 
easy to see that E1 is an invariant subspace for DQ. Therefore DQ can be con- 
sidered as a continuous linear operator acting on E/L,. We will prove in this paper 
that DQ has an empty spectrum when considered as acting on E/L,. The question 
whether a given Frechet space admits continuous linear operators with empty spec- 
trum is not a simple one. There are Frechet spaces which admit continuous linear 
operators with empty spectrum. On the other hand there are non-Banach Frechet 
spaces which do not admit such operators. This is an open problem even for the 
space of entire functions of one variable. Examples can be found in [3]. 
I hope the results of this paper will give a new impetus to the attempts to solve 
the problem by analytic means. 
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1. Analytic Jacobian Conjecture 
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Throughout this paper E2 will denote the ring of entire functions on C2. E2 will 
always be considered as a Frechet space with the standard topology of uniform con- 
vergence on compact subsets of C2. 
For J;geEz set 
Set Df(g) = [f g]. Then OS is a continuous derivation of E2. Let f, g E E2 satisfy the 
Jacobian identity: If, g] = 1. Such a pair of entire functions will be called a Jacobian 
pair. The functions f and g will be called members of the Jacobian pair cf;g). In 
this section we state a conjecture - the Analytic Jacobian Conjecture (abbreviated 
AJC), which implies the Jacobian Conjecture for polynomials: 
Analytic Jacobian Conjecture (AJC). If f e E2 is a member of the Jacobian pair, 
then the image of Of is dense in E2. 
In fact I was not able to find a counterexample to a stronger conjecture, namely 
that Of is surjective. 
Throughout this section let P, Q E C[x, y] be a fixed Jacobian pair. Set T(X, y) = 
(P(x, y), Q(x, y)). Then 7 : C2 + C2 is a local homeomorphism. The Jacobian Con- 
jecture would follow if we were able to prove that 5 is injective. We will prove in 
this section that AJC implies the injectivity of T. To do this, we have to investigate 
the topological properties of the level curves {P= const.}. 
Let P= Pfl 1.. P$ be the decomposition of P into the product of prime factors. 
Let Si be the curve {Pi=O). Since P is a member of a Jacobian pair, dP/ax and 
aP/dy do not have common zeroes. Therefore /cl = ... = k,, = 1, the curves Si are 
smooth affine curves and do not intersect in C2. Let Ji be the ideal of E2 generated 
by Pi and let Ai denote the ring of holomorphic functions on Si e Ji is a closed linear 
subspace of E2 and Ai = E,/Ji is a Frechet space. Since Dp is a continuous deriva- 
tion of E2 and since Dp(Ji) c Ji, there exists for every i a unique continuous deriva- 
tion Di of the ring Ai, which makes the following diagram commutative: 
DP 
E2-E 2 
=, I I “1 
Di 
Ai-Ai 
Here 71i s the natural projection with the kernel Ji. If the image of Dp is dense in 
E2, then, obviously, the image of Di is dense in Ai. We will prove that, in fact, if 
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the image of II; is dense, then Dj is surjective. Let Qi denote the restriction of Q to 
s; . 
Lemma 1.1. Let CE& and let f EAi. There exists an open neighborhood V of c in 
Si such that f = C,“=, ak(Qi- Q;(c))~ - a convergent power series in V. Moreover, 
Di(f) = df/dQi in V. 
Proof. Let g E E2 be such that f is the restriction of g to Si. Let W be an open 
neighborhood of c in C2 such that g= CE,k=Oa,kP”(Q- Q(c))~ in W. 
Such a neighborhood always exists since P and Q, being members of a Jacobian 
pair, provide a local coordinate system in a neighborhood of every point of C2. Set 
V= WfISi. Then 
f = k;O aok(Qi- Qi@Nk 
in V. D;(Qi) = 1 since Dp(Q) = 1. Therefore 
Lemma 1.2. Let cl, c2 E Si and let y : [0, l] -+ Sj be a compact, continuous, piecewise- 
differentiable path joining c1 and c2. Let f E Ai. Then 
s 
Dick) dQi=f(@-f(c,)* 
Y 
Proof. Since y is compact, it is possible to find a collection of points {t, < ... < t, } C 
[0, l] such that t, =0, t,= 1 and y([t&l, tk+l]) lies in a neighborhood Vk of y(tk) 
satisfying the conditions of Lemma 1.1. Then: 
i 
n-l 
Oidf) dQi= C 
Y ?: 
y(fr+‘)DiCf) dQi 
k=l I
n-l 
=E, Ifo@k+ 1)) -fb@k))l =f@2) -f(clh q 
Corollary. Let y be a compact, continuous, piecewise-differentiable closed path in 
Si. Let f belong to the closure Of Di(Ar). Then S, f dQi=O. 
Proof. Obvious. Cl 
Proposition 1.3. The image of D; is closed. 
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Proof. Let CO E Si. For f E Dj(Ai) and c E Si set 
F(C)= fdQi I 67 
where y is a compact, continuous, piecewise-differentiable path joining co and c in 
Si. By the corollary to Lemma 1.2 this definition does not depend on the choice of 
a path. Let V be an open neighborhood of co satisfying the conditions of Lemma 
1.1. The function F evidently belongs to Ai and D;(F) = f in I’. Therefore Di(F) = f 
everywhere on the curve Sj. This concludes the proof. 0 
Corollary. If the image of Dp is dense in E2, then Di is surjective for every 
i=l n. 9 **., 
Proof. Obvious. 0 
Proposition 1.4. Zf Dp(Ez) is dense in E2, then the curve Si is isomorphic to C’ for 
every i=l,...,n. 
Proof. Let Oi denote the sheaf of germs of holomorphic functions on Si. Di can be 
considered as a sheaf homomorphism Di : Oi -+ Oi. It is easy to see that the follow- 
ing sequence of sheaves is exact: 
The corresponding long exact sequence is: 
H’(Si, Oi) = 0 since Sj is a smooth, irreducible affine curve. Di : Ai --t Ai is surjective 
by the corollary to Proposition 1.3. Therefore ~‘(Si, C) = 0. The result now follows 
from the following lemma, the proof of which is given in the appendix: 
Lemma 1.5. Let S be a smooth, irreducible affine curve. If H’(S, C) = 0, then S is 
isomorphic to C’ as an algebraic curve. Cl 
Now we will prove that, in fact, the density of the image of Dp implies the ir- 
reducibility of P. To do this we need the following lemma first: 
Lemma 1.6. Let B,, B2 E C[x, y] satisfy the following conditions: 
(i) The curves {B, = 0} and { B2 = 0} are isomorphic to C’ as algebraic curves. 
(ii) The curves (B, = 0} and {B2 = 0} do not intersect. 
Then B,=aB,+B; a,flEC; a,p#O. 
Proof. Consider the restriction of B2 to the curve {B1 =O). Since the curves do not 
intersect, this restriction is never zero. Since the curve {B, =0} is isomorphic to C’, 
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the restriction of the polynomial B, to this curve must be a constant. Thus 
B2 = Tl B1 + p, . Similarly, B, = T2B2 + & where pr, & E C; T,, T2 E G[x, y]. Therefore 
deg B2 = deg T, + deg B, and deg B, = deg T2 + deg BZ, which implies that deg T, = 
deg T,=O and T,, T,E~. 0 
Proposition 1.7. If Dp has a dense image, then P - 1 is irreducible for every I E C. 
Proof. It will suffice to prove the result for A = 0. Let P,, . . . , P,, be the irreducible 
components of P. By Proposition 1.4 and Lemma 1.6, Pi = aiPl+ pi for iz 1. Then 
P= fi (aiPl+Pi)=F(P,)EC[P,] and degF=n. 
i=l 
But then: 1 = [P, Q] = F’(P,)[P,, Q] and it follows that deg F= 1 and P= P,. 0 
Theorem 1.8. AJC implies the Jacobian Conjecture. 
Proof. The operator Dp has a dense image by AJC. Therefore the curve {P= A} is 
a smooth, irreducible, affine curve isomorphic to C’ for every A by Propositions 
1.4 and 1.7. Consider the restriction of Q to the curve {P = A}. It is a regular func- 
tion whose differential is never zero. Since the curve is isomorphic to Cl, this func- 
tion must be injective. Thus the map (x, y) & (P(x, y), Q(x, y)) is injective, and the 
theorem follows (see [l, Theorem 2.11). 0 
2. Frechet spaces related to the pair (P, Q) 
Let P, QeE2 be a Jacobian pair. Throughout the rest of the paper set D, =Dp, 
D2= -DQ. 
Lemma 2.1. (i) DID2 = D,D,. 
(3 For f, g E E2, I.6 sl = D2df)Dl(g) - D,dfMg). 
Proof. The proof can be obtained by a straightforward application of the identity 
[P,Q]=l. Cl 
Let L, =D1(E2) and L2=D2(E2). 
Lemma 2.2. L, + L2 = E2. 
Proof. We will prove that for any f, g E E2, u, g] E L, + L2. This will obviously suf- 
fice to prove the lemma. The proof is based on Lemma 2.1: 
Dl(D,cf)g)-D2(D,cf)g)=D1Dzcf)g+Dzcf)Dl(g)-DzDIcf)g-D1cf)D,(g) 
= Ugl. 0 
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Remark. The same method enables us to prove that D,(C[x, y]) +&(G[x, y]) = 
C[x,y], if P and Q are polynomials. 
Lemma 2.3. (i) Dz(LI)CL1. 
(ii) D2(f) =0,(g) iff there exists h E E2 such that D,(h) =f and D,(h) =g. 
Proof. (i) This is an obvious consequence of Lemma 2.1. 
(ii) If D,(h) =f and D,(h) = g, then D2(f) =D,(g) since D1D2 =D,Dt . Assume 
now that Dzdf)=D,(g). Then 
af aQ af aQ ap ag ap ag -----=--_-- 
ax ay ay ax ax ay ay ax . 
Equivalently, 
af aQ ag ap a2Q a2p 
--+--+f-+g- 
ax ay ax ay axay axay 
or, 
af aQ ag ap 
=- 
ay~+~Z+f~+g~7 
(.f~+g~) (_ftJ$+gg) 
ax = ay . 
Thus there exists h E E2 such that 
ah aQ ap ah aQ ap 
G=fz+gG and z=fz+gz. 
Hence 
Similarly D,(h) = g. 0 
Remark. The same proof works for c[x, y]. 
Let E denote the quotient space E2/L, . E is a complex-linear space. Let rr : E2 + E 
be the natural projection. Lemma 2.3 implies that there exists a unique linear map 
& : E + E which makes the following diagram commutative: 
D2 
E,-E 2 
71 1 ^  ! n 
D2 
E-E 
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Moreover, it implies that 6, is injective. Lemma 2.2 implies that B2 is surjective 
and, therefore, an isomorphism. 
Proposition 2.4. For every ,l EC, D2-U is an isomorphism of E. 
Proof. Multiplication by an entire function of P can be considered as a homo- 
morphism of E. Multiplication by e lp is an isomorphism of E, and lj-lJ= 
eAp od, 0 e-I’. Hence D’2 - AZ is an isomorphism. 0 
By Lemma 2.2, L, + L, = E2. Let & be the closure of L, in E2. Then L, + L, = E2. 
We will prove an analog of Lemma 2.3 for Ei, but to do this we need the following 
lemma, the proof of which is given in the appendix: 
Lemma 2.5. Let F and H be Frechet spaces and let A : F-t H be a linear continuous 
and surjective map. Let {f,, } C F be an infinite sequence such that lim, + m A (f.,) = 0. 
Let G = Ker A. Then there exists a sequence {g, } C G such that lim, + m (f, -g,> = 0. 
Let B : E2 -+ E2 @ E2 and A : E2 @ E2 + E2 be defined as follows: 
B(f)= (E$;) and A(i) =D2(f)-Dl(g). 
Lemma 2.6. The sequence E2 z E2 0 E2 5 E2 + 0 is exact. 
Proof. A is surjective by Lemma 2.2 and Ker A = Im B by Lemma 2.3. 0 
Proposition 2.7. (i) D@i) CL,. 
(ii) If D2(f)EL,, then fet,. 
Proof. (i) This is true since D2 is continuous and D2(L,)CL,. 
(ii) If @cf) E E,, then there exists a sequence {g, > such that 
lim (NJ) - Q(s,)) = 0. 
n-m 
Let u,,=(i), u,,EE~@E~. Then lim,,, A(u,)=O. By Lemmas 2.5 and 2.6 there 
exists a sequence { IJ,, > c Im B such that lim, _ m (u, - 0,) = 0. Let s,, t, be such that 
Then 
=0 and f = lim D,(s,). 
n-w 
This concludes the proof. 0 
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Let B= E2/LI. I? is a Frechet space. Let 75 :E2 +I? be the natural projection. 
Proposition 2.7 and Lemma 2.2 imply that there exists a unique linear and con- 
tinuous isomorphism D2 : I!?--+ I? which makes the following diagram commutative: 
D2 
E,----+E 2 
f 1 - 1 rs 
02 - 
E-E 
Proposition 2.8. For every A EC), B,-AI is a continuous isomorphism of I?. 
Proof. The proof is the same as the one used to prove Proposition 2.4. 0 
We summarize the results of this section in the following: 
Theorem 2.9. Let P, QE E2 be a Jacobian pair. Let D, = Dp, D, = -DQ, L, = 
D1(E2), E=E,/L,, i?=E2/L1. Then: 
(i) E admits a linear map I?2 with empty spectrum. 
(ii) I? admits a continuous linear operator Lj2 with empty spectrum. 0 
The space ,?? is the quotient space of E2 by the closure of Im DI . If we were able 
to prove that Frechet spaces constructed in this way do not admit continuous linear 
operators with empty spectrum, AJC would follow. Unfortunately the question is 
not a simple one - see the introduction. 
3. The image of D, in C[x, y] 
Let P, Q E UZ[x, y] be a Jacobian pair. Then D, and D2 map C[x, y] into C[x, y]. 
Let K=L, fl ~Z[X, y]. If K= c[x, y], then the Jacobian Conjecture follows since 
C[X, y] is dense in E2. In this section we will state a sufficient condition for Li to 
contain C[x, y]. This condition looks simpler than the original Jacobian Conjecture. 
To do this we need the following lemma, the proof of which is given in the appendix: 
Lemma 3.1. Countable-dimensional complex linear spaces do not admit linear maps 
with empty spectrum. 
Let R = UZ[x, y]/K and let n : C[x, y] + R be the natural projection. 
Lemma 3.2. If D,(C[x, y]) + (D2 - H)(UX[x, y]) = @[x, y] for every A EC, then R = 0. 
Proof. By Lemmas 2.2 and 2.3 there exists a unique complex-linear isomorphism 
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Z& which makes the following diagram commutative: 
a=]x, Yl 
D2 
- CD&Y1 
7-l I - ,I ll 
R 
D2 
R 
If d, - AZ is an isomorphism for all i E C, then the result follows from Lemma 3.1 
since R is at most countable-dimensional. It follows from the proof of Proposition 
2.4 that 8,-AZ is injective. If the condition of this lemma holds for every A, then 
Dz--AZ is surjective - therefore an isomorphism. 0 
If A #O, then it is possible to reduce the statement of Lemma 3.2 to the case A = 1 
by a suitable change of variables. Therefore the Jacobian Conjecture follows if we 
prove that [P, Q] = 1 implies that 
~,(~[x,Yl)+(~,-Z)(C[x,Yl)=C[x,Yl. 
Let T= epPC[x, y]. 
(1) 
Theorem 3.3. The Jacobian Conjecture follows if [P, Q] = 1 implies that the equation 
af ag=h 
ay ax 
(2) 
has solutions in T for every h E T. 
Proof. The equality (1) is equivalent to the following statement: For every A E C[x, y] 
there exist F, GE c[x, y] such that 
Indeed, let B : C[x, y] 0 C[x, y] -+ C[x, y] @ C[x, y] be defined as follows: 
B(:) = I” ;J (3. 
ay ay 
Let (z)=B(E). Then 
D,(u)-(Ll-Z)(o)= f&F”- E +Gg . 
9 
The desired result follows from the fact that B is invertible. Now set h =AemP, 
(3) 
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f = Fe-’ and g = GeeP. If, for every h E T, the equation (2) has solutions f, g E T, 
then (1) is true and the theorem follows from Lemma 3.2. 0 
Remark. It should be noted that P does not have to be a member of a Jacobian pair 
for equation (3) to have polynomial solutions. For example, (3) certainly has poly- 
nomial solutions if PE C[x]. 
Appendix 
Proof of Lemma 1.5. Let s” denote the non-singular projective model of S. Then 
S is isomorphic to an open subset of $, i.e., to $ without a finite number of points. 
H*(S,C)=O implies that ni(S)=O (see [2, $271). Let pi, . . ..pn be points of s such 
that S is isomorphic to $- {p,, . . . . p,}. Then ni(S- {pl, . . . . p,})=O, which im- 
plies that n = 1. So S is isomorphic to g-p and n,(S-p)=O. Therefore ~~(9) =0, 
s=CP’ and S is isomorphic to CP’ without a point, i.e., to C’. 0 
Proof of Lemma 2.5. F and H are complete metric spaces since they are Frechet 
spaces. Let Bk be an open ball of radius l/k centered at the origin of F. Let 
I/,=A(B,). A is surjective. Therefore, by the Open Mapping Theorem, I’, is an 
open neighborhood of the origin in H (see [4]). A-‘( Vk) = Bk + G. We obtain thus a 
decreasing sequence of open neighborhoods of 0: Vi > 1.. > Vk > .*. where n,“=, Vk = 0 
since n,“= 1 B, =O. For every n set k(n) = max{k: Adf,) E Vk}. k(n) = 00 means that 
A(&) E n,“=, Vk which implies that A&) = 0. k(n) * 03 since Acf,) + 0. Now, 
f, E A -‘( Vkcnj) = Bkcnj + G. Since Vko = A(B,(,,), there exists yn E Bkcnl such that 
AuL)=Adf,). (If k(n)=m, then fn=O). Set g,=fn-j;n, then g,eG, f”=f,-g, 
and lim n _ ,& = 0 since lim, _ m k(n) = 03 and fn E Bkcnj. This concludes the proof. 
0 
Proof of Lemma 3.1. Let F be a countable-dimensional complex linear space and let 
A : F-t F be a linear map with empty spectrum. Assume that F#O. Let e,, . . . , e,, . . . 
denote a basis for F. Let Fk be a k-dimensional linear subspace of F, spanned by 
the vectors {e,, . . . . ek}. We obtain an increasing sequence of linear subspaces: 
F,cF2c...cFkc..+; &, Fk=E 
Let u E F, u # 0 and let w(n) = (A - AI)-‘0. Every vector w(n) is contained in Fk for 
some k. Since C is an uncountable set, there exists an integer n such that infinitely 
many vectors w(1) are contained in F,,. There exists, therefore, a linearly depen- 
dent set {w(n,), . . . . w(A,+ r)}. On the other hand C(A) is a field since C is algebra- 
ically closed and A has an empty spectrum. Consider a homomorphism of C-spaces 
i : C(X) + C(A)(u) defined as follows: for f l C(X), i(f) =f(A)(u). i is an injection 
since A has an empty spectrum and C is algebraically closed. It is easy to prove that 
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a set (I/(X-/l,), . . . . l/(X- A,)] is linearly independent if all l’s are distinct. But 
~(l/(~-~))=w(~) and the set (w(J.,),..., w(An.+,)) is linearly dependent - a 
contradiction. El 
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